The angklung is an Indonesian traditional musical instrument made entirely of bamboo. It usually consists of two or three rattle tubes that generate sound by vibrating the tubes. The generated sound is resonated by a rattle resonance tube to make it louder. The rattle tube is carved in a traditional way from a piece of bamboo with a certain length and diameter that are passed from generation to generation to produce the desired tone. In this investigation, we develop a mathematical model of sound generation by a rattle tube and formulate an equation for the frequency of the vibrated rattle tube from its physical and geometrical parameters. Since the rattle tube is not perfectly cylindrical, the frequency of the vibrated rattle tube is derived from the frequency equation for a perfectly cylindrical tube with a modification of the geometrical parameters to make them appropriate for the shape of the rattle tube. This equation can determine the tone frequency for given geometrical parameters of the tube and explain the relationship between the generated tone frequency and the resonant frequency. The model also shows that the discrepancy between the calculated and generated frequencies of the rattle tube is within the response of human ears.
INTRODUCTION
The angklung is an Indonesian traditional musical instrument made entirely of bamboo. In West Java, Indonesia, the angklung has been played for centuries and has been used as an important instrument in traditional ceremonies and rituals, particularly in rice farming rituals [1] . In 1938, Daeng Soetigna invented an angklung melody or angklung diatonic whose tone is similar to the international standard music pitch. Since then, this type of angklung has been used as an instrument in music education and community entertainment because it can be used to play various genres of music [2] . In 1966, Udjo Ngalagena, one of Soetigna's students, developed an angklung pentatonic that has the traditional music scale and has been adopted to play the Sundanese genre of music. From time to time, the angklung becomes popular, not only in Indonesia but also around the world [3] .
An angklung usually consists of two or three rattle tubes. An angklung with two rattle tubes has a big rattle tube and a small one. The small rattle tube has a tone one octave higher than that of the big rattle tube; thus, an angklung has a fundamental tone and its harmonic tone. The tone is generated by vibrating the rattle tubes. Although both rattle tubes generate tones, the tone of an angklung is represented by the tone generated by the big rattle tube since it has the loudest sound.
As shown in Fig. 1(a) , an angklung consists of several parts, including a big rattle tube (A) and a small rattle tube (B). The rattle tube is made from carved bamboo and has a cylindrical shape with small bulges at the bottom. The rattle tubes are supported by a vertical frame (C), which is connected to the base tube (D), and a horizontal frame (E). The vertical frame is bound to the base tube, and is strong enough to tie the horizontal frame. Overall, the vertical and horizontal frames support the rattle tubes, allowing them to stand up; however, they are still loose enough to be shaken. On the base tube, two holes of sufficient size are made to accommodate the bulges to allow the rattle tubes to slide freely so that they can be shaken. If the whole angklung is shaken, the impact of the bulges on the base tube will generate sound that corresponds to a particular pitch. Therefore, the angklung is a shaken idiophone in the classification of musical instrument, and is principally operated by sliding its rattles [4] . Figure 1 shows a complete angklung with two rattle tubes and their components.
Mechanism of Sound Generation of Angklung
The angklung is played by vibrating the whole set of rattle tubes. For a right-handed person, the forefinger and middle finger hold the upper-middle pivot between the vertical frame and the horizontal frame, while the right hand holds the right-hand side of the base tube. If the base tube is shaken, the rattle tubes vibrate and their bulges strike the base tube through the small holes in the base tube, leading to sound generation. The big and small rattle tubes generate sound with different loudness. The big rattle tube is designed to have a louder sound than the small rattle tube; therefore, the big rattle tube represents the pitch tone, whereas the small rattle tube represent its harmonic.
The intensity of the sound generated by the base tube is negligible compared with that of the rattle tubes. The weakened sound intensity of the base tube is due to the damping effect of the hand on the base tube since the base tube is held by the hand. The way that the base tube is held to shake the angklung gives different sound effects.
This effect is utilized to expand the sound sensation when an ensemble of angklungs is played.
The generated sound is amplified through a resonant mechanism in the rattle's resonant tube. Sound resonance occurs if the frequency of the sound generated by the rattle tube is the same as that of the resonant tube. However, the resonant frequency of the rattle tube depends on the length of the resonant tube, which is the length from the opening to the closed end of the tube. Therefore, during the creation of the rattle tube, the length of the resonant tube is carefully configured to produce the resonant frequency at the desired pitch.
Angklung Workmanship and Tuning
The most important element of an angklung is the rattle tube. Up to now, angklungs have been made in a traditional way. The craftsman makes the rattle tube from a piece of bamboo with a certain length and diameter. The suitable length and diameter of bamboo to make a rattle tube that generates a certain tone are derived from long experience and pass from one generation to another generation.
First, a piece of bamboo is cut at a position close to its node to form a tube with a certain length. This node acts as a cover of the cylindrical structure of the tube. If the inside of the tube has another node, it is removed to make the structure open at one end and closed at the other end. Next, the tube is partially carved to form the blade of the angklung at the upper part and leave a cylindrical shape as a resonant tube at the bottom part. The tube is carved little by little and very carefully using a sharp knife since the shape and size of the blade affect the tone of the rattle tube, whereas the length of the resonant tube affects the resonant frequency.
To check the generated tone and for tone tuning purposes, the rattle tube is knocked by a special knocker to compare the frequency with that produced with a tuner. The tone resulting from this knocking mechanism is called the struck tone. This tone is exactly the same as that resulting from the impact of the rattle's bulges on the base tube during the vibration of the angklung. Therefore, the struck tone is used to verify the tone produced by the rattle tube.
Another sound that appears during the tuning process is the blown tone. The blown tone is generated if the resonant tube is blown. The blown tone is only utilized during the tuning of the resonant frequency of the resonant tube. It will not appear during actual angklung playing. By blowing the resonant tube, an experienced craftsman will know if the length of the resonant tube is suitable to produce the resonant sound. The function of the resonant tube is as a resonator for the sound generated by the rattle tube. If the fundamental frequency of the struck tone is the same as that of the blown tone, sound resonance will occur and the loudness of the tone generated by the rattle tube is greatly increased.
The frequency of the struck tone is tuned using a tuner to the desired pitch frequency. If the frequency of the struck tone is higher than the standard pitch frequency, the blade (part A) or part C (see Fig. 2 ) is carved until both frequencies are equal. However, if the frequency of the struck tone is lower than the standard pitch frequency, then part B is cut until both frequencies are matched. Figure 2 shows the tuning process of the struck tone to match the standard pitch frequency.
The frequency of the struck tone primarily depends on the length, outer diameter and inner diameter of the rattle tube, as well as the width and length of the blade. On the other hand, the frequency of the blown tone depends on the length and inner diameter of the resonant tube. These parameters are traditionally passed down from generation to generation with small adjustments. No formula has been established to derive these parameters.
Since the generated sound is amplified by the resonant tube, the rattle tube frequency has sometimes been deduced through the calculation of the resonant frequency of its resonant tube [5, 6] . Actually, the approach of calculating the rattle tube frequency through its resonant tube frequency is not exactly correct since the sound is generated by the impact of the rattle tube's bulges on the base tube; thus the frequency of the generated sound significantly depends on the physical properties and geometry of the rattle tube. The role of the resonant tube is to amplify the sound generated by the rattle tube. However, the calculation is correct if sound resonance occurs at the struck tone frequency.
To the best of our knowledge, the dependence of the frequency of the tone generated by the rattle tube on its physical and geometrical parameters has not been reported. In this paper, we report the modeling of an angklung rattle tube and formulate an equation to determine its tone frequency on the basis of the physical and geometrical parameters of the rattle tube.
MODELING OF THE RATTLE TUBE

Modeling Approach
In this investigation, the rattle tube is modeled as a carved tube, as shown in Fig. 3 . The carved tube comprises the blade at the upper part and the cylindrical tube with a closed end at the bottom part as the resonant tube. Since both ends of the rattle tube are not clamped, the vibration of the rattle tube is considered as vibration with a free-free boundary condition.
For a perfectly cylindrical tube, the fundamental bending frequency of the tube with a free-free boundary condition is [7] 
where E, l, ", and I are the modulus of elasticity, the tube length, the linear mass density, and the area moment of inertia, respectively. a is a constant and for the fundamental bending frequency, a ¼ 22:373. The next mode frequencies are f 2 ¼ 2:757 f 1 and f 3 ¼ 5:404 f 1 . The area moment of inertia of the tube I is given by
where D out and D in are the outer and inner diameters of the tube, respectively. Because the rattle tube is not perfectly cylindrical, the fundamental bending frequency of the rattle tube f r 1 is approximated by
where I r is the area moment of inertia of the rattle tube and can be modeled as
where I carved is the area moment of inertia of the removed part of the tube and is modeled as
where C 1 is a constant. By combining Eqs. (2) and (5), we obtain the area moment of inertia of the rattle tube as
Since the rattle tube is not a perfect cylinder owing to it being partly carved, the linear mass density of the rattle tube is lower than that of a perfectly cylindrical tube and is modeled as
where C 2 is a constant. If Eqs. (6) and (7) are both substituted into Eq. (3), the fundamental bending frequency of the rattle tube becomes
where a angklung is a new constant and is given by
Determination of a angklung
In principle, a angklung can be calculated analytically or numerically if the physical parameters and geometry of the rattle tube are given exactly. However, the analytical calculation of a angklung is rather difficult because the geometry of the carved part of the rattle tube may vary from one rattle tube to another. For example, a rattle tube that produces a low tone usually has a thin blade. In contrast, a rattle tube that produces a high tone usually has a thick blade. There is also no common relationship between the shape and size of the blade for every rattle tube. In addition, the shape of the carved part that is closed to the resonant tube is usually curved, which may lead to difficulties in the calculation of the area moment of inertia since it cannot be approached by considering a simple cutoff cylinder.
Alternatively, a angklung is here calculated by correlating the standard pitch frequency that the rattle tube is supposed to have with its physical and geometrical parameters. The steps to calculate a angklung are as follows. Firstly, a rattle tube with certain geometrical parameters for generating a certain tone is selected. Then, the standard pitch frequency associated with this tone is used to calculate a angklung using the following equation:
where f std is the standard pitch frequency for the chosen tone. The geometrical parameters (inner and outer diameters and length of the rattle tube) used in Eq. (10) are extracted from the selected rattle tube. For other rattle tubes, a angklung is determined by the same procedure.
To calculate a angklung , the modulus of elasticity and mass density of the bamboo are required. The modulus of elasticity of the bamboo (E) used in this calculation is 15.0 GPa [8] , whereas the mass density was obtained to be 679.1 kg/m 3 through measurement of the mass and volume of the bamboo.
An angklung can generate a loud sound if the struck tone is amplified by the resonant tube. This can occur if the frequency of the struck tone is equal to the resonant frequency of the resonant tube. Otherwise, the sound generated by the rattle tube will not be so loud. The resonant frequency of the resonant tube is given by [9] 
where n and l res are the mode number and the length of the resonant tube, respectively. To calculate the resonant frequency of each rattle tube, the sound velocity v sound in air of 343 m s À1 and n ¼ 1 are used. The length of the resonant tube used in this calculation is the internal length to the closest opening.
To analyze the sound generated by rattle tubes, we conducted simple experiments to record the waveform and frequency spectrum of the sound signal. The experiment was performed by knocking the rattle tube once, and the generated sound in the form of a waveform was recorded and displayed. To display the frequency spectrum of an angklung, the whole angklung was shaken and the generated sound was recorded.
RESULTS AND DISCUSSION
Determination of a angklung
The calculated values of a angklung for various rattle tubes are given in Table 1 . The mass density used in the calculation was 671.9 kg/m 3 and obtained from mass and volume measurements of the bamboo. The average value of the calculated a angklung was 2.181 with a standard deviation of 0.0042. Even though the standard deviation of a angklung was very small, a discrepancy in a angklung among pitch frequencies existed because the generated sound was slightly off pitch owing to an offset of the geometrical parameters of the rattle tubes from their target values.
To tune the rattle tube to a desired pitch frequency, the length of the rattle tube and its blade thickness must be adjusted. An experienced craftsman usually uses his ears to make sure that the generated tone perfectly matches the desired pitch. However, the response of human ears may be slightly inaccurate, resulting in the generated tone being slightly off pitch. A frequency difference of 1 Hz caused by a difference in either the length of the rattle tube or the thickness of the blade will produce a variation in a angklung of 0.1-0.2%. Another source of discrepancy in a angklung , especially for small (high frequency) rattle tubes is the bulges. Compared with the size of the whole rattle tube, the size of the bulges should not be neglected because it contributes to the generated tone frequency. Since the modeling of the angklung does not include the bulges, a slightly difference in a angklung exists to compensate for that effect.
a angklung is a constant that primarily depends on the dimensions and geometry of the rattle tube. Since the rattle tube is crafted by shredding the upper part of the tube to form the blade, the cross section of the blade is no longer circular and becomes close to a semicircle. The more the tube is shredded, the thinner the cross section of the blade becomes, which decreases the area moment of inertia of the rattle tube. In addition, the tube at the upper part is shredded to form both the blade and the resonant tube. As a consequence, the linear mass density of the rattle tube becomes different from that of a perfect cylinder. The smaller the length of the resonant tube, the lower the linear mass density of the rattle tube.
A rattle tube with a low tone usually has a thin blade; conversely, a rattle tube with a high tone has a thick blade. Moreover, a rattle tube with a low tone has a higher ratio of the length of the resonant tube to the total length of the rattle tube than a rattle tube with a high tone. Decreases in the above parameters, i.e., the thickness of the blade and the ratio of the length of the resonant tube to the total length of the rattle tube, will effectively reduce both the area moment of inertia and the linear mass density. Therefore, a angklung becomes smaller than that for a perfectly cylindrical tube. Furthermore, the calculated values of a angklung for the rattle tubes given in Table 1 are similar for a wide range of tones as confirmed from the small standard deviation. This means that a angklung can serve as a new constant in determining the fundamental frequency of a rattle tube.
Determination of Fundamental Frequency
By using a angklung of 2.181 and the dimensions of the rattle tubes given in Table 1 , we calculated the fundamental frequency of each rattle tube ( f r ) using Eq. (8). Table 2 shows the calculated fundamental frequencies of the rattle tubes. Á is the discrepancy between the calculated fundamental frequency and the corresponding standard pitch frequency.
The discrepancies between the calculated fundamental frequency and the standard pitch frequency for the tone of each of the rattle tubes are in the range of 5 cents. This value is acceptable since the frequency sensitivity of human Table 2 Calculated fundamental frequencies of the rattle tubes ( f r ) and the measured values ( f a ). The discrepancies (Á) between the calculated fundamental frequency and the standard pitch frequency ( f std ) are also given.
Angklung Frequency
No. ears to the reception of sound is approximately ranges over 5 cents. This discrepancy occurs may be for two reasons. The first is the accuracy of tuning the struck tone of the rattle tube. The tuning process involves comparing the frequency of the generated tone of the rattle tube with the tuning meter. An experienced craftsman sometimes uses his ears instead of a tuning meter. Therefore, the accuracy of the tuning process is expected to be within frequency sensitivity of human ears. Second, the rattle tube may produce a distorted tone compared with that at the time it was tuned owing to changes in the water content of the bamboo, which leads to changes in its mass density. Since the fundamental frequency of the rattle tube depends on its mass density, the frequency of the generated sound will be off-pitch; therefore, the rattle tube needs to be tuned regularly to obtain a pitch similar to the standard one.
The length and diameter of the rattle tube are the most important parameters for producing a particular tone. During the carving of the rattle tube, the generated tone is always checked by striking the tube using a knocker to hear the struck tone. If the tone is not the same as the standard pitch, then the blade is carefully carved to reduce the width of the blade or the upper part of the tube is cut. The appropriate length and width of the blade after carving or cutting the tube determine the tone produced. This carving will also produce a resonant tube with an appropriate length so that sound resonance can occur at the struck tone frequency to generate a loud sound.
The calculated fundamental frequencies of the rattle tubes are confirmed from measured frequency spectra. In Table 2 , the calculated fundamental frequency is denoted by f a . The discrepancy between the calculated frequency and the measured frequency for each rattle tube is within the human ears frequency sensitivity of 5 cents. This indicates that the whole angklung set is in a good condition.
Typical frequency spectra of C5 and C6 rattle tubes are shown in Fig. 4 . The corresponding waveforms of each spectrum are shown in Fig. 5 . Figure 4 shows the frequency spectra of the big rattle tube of angklungs C5 and C6 to illustrate the primary frequency of the tone generated by each rattle tube. The prominent frequencies arising from each spectrum are 523 and 1,041 Hz for angklungs C5 and C6, respectively. Although a few other peaks exist, they are inharmonic to the primary frequency and their levels are far below the primary frequency level.
Angklung C5 consists of big and small rattle tubes, and for the case that the whole angklung is shaking, the typical frequency spectrum is shown in Fig. 6 . There are two dominant frequencies in this spectrum, namely 523 and 1,041 Hz. The 1,041 Hz peak is generated from the small rattle tube and is expected to be the harmonic of the 523 Hz peak. The level of the other peaks are far below those of the two dominant peaks. Therefore, an angklung has a dominant frequency, represented by the big rattle tube, and its harmonic, represented by the small rattle tube. The sound level of its harmonic is lower than that of the primary frequency.
Figures 5(a) and 5(b) show the waveforms of the rattle tubes of angklungs C5 and C6, respectively, generated using a single knock, with a normalized amplitude. The characteristics of both waveforms are similar, except for the denser waves for C6 because of its higher frequency. To extract more information from these waveforms, the frequency spectra given in Fig. 4 are often used.
Determination of Resonant Frequency
Resonant frequency is calculated using Eq. (11), and the calculated resonant frequency ( f res ) for each rattle tube is presented in Table 3 . Á is the discrepancy between the calculated resonant frequency and the calculated frequency of the rattle tube tone. The function of the resonant tube is to amplify the loudness of the struck tone through the resonance mechanism. If the resonant frequency is equal to the generated rattle tube frequency, the amplification will be maximum. The discrepancy between the resonant frequency and the calculated rattle tube frequency shown in Table 3 characterizes the loudness of the generated tone. The smaller the discrepancy, the louder the generated tone will be. This discrepancy is unavoidable and is due to the process of angklung workmanship and may occur owing to either the inaccuracy in the tuning process or the length of the resonant tube not being appropriate for the particular struck tone. Since the resonant and rattle tube frequencies are determined by the blown and struck tones, respectively, it is very difficult to determine exactly by the ears whether both frequencies are matched to generate the maximum loudness of the tone.
The carving of the rattle tube to form the blade affects the two frequencies simultaneously, i.e., the struck and blown tones. Each frequency depends on both the tube geometry and the size of the blade. Carving to change the width and length of the blade will directly affect the frequency of the struck tone. At the same time, this process can modify the length of the resonant tube, which directly affects the resonant frequency. It is expected that the carving process produces a resonant tube whose resonant frequency is exactly the same as the struck tone frequency. Therefore, careful carving of the angklung is required to produce a rattle tube whose struck tone frequency is the same as the resonant frequency of the resonant tube to produce a loud sound that is not off pitch.
CONCLUSION
The tone of an angklung is represented by the struck tone generated by the big rattle tube. The frequency of the struck tone can be determined by modeling the rattle tube as a carved cylindrical tube. The fundamental frequency of the rattle tube is given by Fundamental frequency spectrum of angklung C5 in a continuous vibration. Angklung C5 consists of big and small rattle tube; thus, its spectrum shows two dominant peaks with frequencies of 523 and 1,041 Hz, respectively. The 1,041 Hz peak is expected to be the harmonic frequency for the C5 pitch. Table 3 Calculated resonant frequency ( f res ) of each resonant tube and its discrepancy (Á) with the rattle tube frequency ( f r ). A smaller Á indicates that the sound resonance is closer to the optimum amplification of the sound generated by the rattle tube.
The constant a angklung is unique for given physical and geometrical parameters of the rattle tube and a value of 2.181 produces a tone that matches the international standard pitch. Tuning the struck tone by carving the rattle tube to form the blade basically involves changing the area moment of inertia and the linear mass density of the tube, and eventually changing the value of constant from a to a angklung . At the same time, carving the tube by removing the longitudinal part of the rattle tube to form the blade forms the resonant tube. The important point when the making an angklung is to carve the rattle tube to form a blade that produces a certain tone that matches a certain pitch and, at the same time, form a resonant tube whose resonant frequency is equal to the pitch frequency so that a tone with the optimum loudness is produced.
